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,Q PDQ\ DSSOLFDWLRQV WUDQVSRUW RI SDUWLFOHV FDQ EH GHVFULEHG E\ WKH GLI
IXVLRQ HTXDWLRQ RU LWV FRQYHFWLYHGLmXVLRQ JHQHUDOL]DWLRQV LQ SDUW RI WKUHH
GLPHQVLRQDO VSDFH ,Q SDUWLFXODU LQ VXUIDFH GHSRVLWLRQ RU LQ JURZWK RI
DJJUHJDWHV RU VHGLPHQWV SDUWLFOHV LQ WKH VXVSHQVLRQ RXWVLGH WKH VXUIDFH RU
DJJUHJDWH ERXQGDU\ FDQ EH FRQVLGHUHG DV GLmXVLQJ XQGHU WKH LQoXHQFH RI
DSSOLHG IRUFHV VXFK DV WKH GRXEOHOD\HU LQWHUDFWLRQV RU JUDYLW\ +RZHYHU
WKH GLmXVLRQ HTXDWLRQ FDQQRW EH XVHG DW WKH VXEVWUDWH RU LQVLGH WKH DJ
JUHJDWH 2QH FRQYHQLHQW DQG ZLGHO\ XVHG DSSURDFK KDV EHHQ WR LPSRVH
ERXQGDU\ FRQGLWLRQV DW WKH VXUIDFH WR VXSSOHPHQW DQG FRPSOHWHO\ GHnQH
WKH GLmXVLRQ SUREOHP RXWVLGH LWb 7KLV VKRUW VXUYH\ GHVFULEHV VRPH WKH
RUHWLFDO UHVXOWV RQ WKH XVH RI VXFK ERXQGDU\ FRQGLWLRQV DQG WKHLU SK\VLFDO
LQWHUSUHWDWLRQ
,Q RUGHU WR GHnQH WKH JHRPHWU\ RI WKH SUREOHP OHW XV FRQVLGHU )LJXUH 
QH[W SDJH :H ZLOO DVVXPH WKDW WKH VXUIDFH LV SODQDU DW [   DQG IRU
VLPSOLFLW\ XVH WKH RQHGLPHQVLRQDO YHUVLRQ RI WKH GLmXVLRQ HTXDWLRQ ZKHQ
HYHU WKLV FDXVHV QR FRQIXVLRQ 7KXV IRU [ !  WKH FRRUGLQDWH [ PHDVXUHV
WKH GLVWDQFH DZD\ IURP WKH VXEVWUDWH RU JURZLQJ DJJUHJDWH 6RPH LPSRU
WDQW SUREOHPV ODFN SODQDU V\PPHWU\ )RU LQVWDQFH LQ WKH JURZWK RI FROORLG
SDUWLFOHV IURP VPDOO VXEXQLWV WKH DJJUHJDWHV DUH W\SLFDOO\ VSKHULFDO DQG
WKH UDGLDO GLmXVLRQ HTXDWLRQ PXVW EH XVHG
+HUH ZH DVVXPH WKDW VXVSHQGHG SDUWLFOHV DW [ !  PRYH DFFRUGLQJ WR
WKH GLmXVLRQ HTXDWLRQ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  Figure 1.   Schematic representation of the   
  dimensionless potential energy ( )V x  with the  
  typical double-layer and linear forms shown. 
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WKH GLOXWHVXVSHQVLRQ OLPLW 7KH VXVSHQGHG SDUWLFOH QXPEHU FRQFHQWUDWLRQ
LV F VR WKDW IRU VSKHULFDO SDUWLFOHV IRU LQVWDQFH RI UDGLXV U WKH YROXPH
nOOLQJ IUDFWLRQ  LV
  {UF  
,W LV DVVXPHG WKDW IRU [ !  SDUWLFOHV PRYH LQ WKH SRWHQWLDO HQHUJ\ 8 [
KHUH RQO\ D IXQFWLRQ RI [ WR HQVXUH SODQDU V\PPHWU\ :H GHnQH WKH GL
PHQVLRQOHVV SRWHQWLDO HQHUJ\ DV 9 s 8 N7  7KH SRWHQWLDO HQHUJ\ FDQ EH
GRXEOHOD\HU IRU FROORLG JURZWK RU OLQHDU DV LQ VHGLPHQWDWLRQ VHH )LJXUH 
7KH GLOXWHVXVSHQVLRQ GLmXVLRQ HTXDWLRQ FDQ EH XVHG DSSUR[LPDWHO\ XS WR
 
  IRU SDUWLFOHV ZLWK UHODWLYHO\ VKRUWUDQJH LQWHUDFWLRQV DV FRPSDUHG
WR WKHLU VL]H VR WKDW WKH\ FDQ EH UHJDUGHG VLPLODU WR KDUG VSKHUHV 1RWH WKDW
VRPH RI WKH ORQJHUUDQJH LQWHUDFWLRQV RI D JLYHQ SDUWLFOH ZLWK RWKHU SDUWLFOHV
HVSHFLDOO\ ZLWK WKRVH LQ WKH DJJUHJDWH ZLOO EH LQFOXGHG SKHQRPHQRORJLFDOO\
DV D FRQWULEXWLRQ WR WKH HmHFWLYH SRWHQWLDO HQHUJ\ 8[ 7KH YDQ GHU :DDOV
GLVSHUVLRQIRUFH FRPSRQHQW RI WKH GRXEOHOD\HU SRWHQWLDO HQHUJ\ LV RQH VXFK
FRQWULEXWLRQ
$ GLmXVLRQDO GHVFULSWLRQ DSSOLHV IRU PDQ\ SUREOHPV 6SHFLnFDOO\ LQ
PRQROD\HU VXUIDFH GHSRVLWLRQ RU GHWDFKPHQW RI SDUWLFOHV IURP VROXWLRQ
WKH VXEVWUDWH LV n[HG DW [   ,Q RWKHU FDVHV VXFK DV JURZWK RI VXEPLFURQ
FROORLG SDUWLFOHV IURP QDQRVL]H VXEXQLWV WKH QRQSODQDU W\SLFDOO\
VSKHULFDO VXUIDFH DFWXDOO\ PRYHV LQ WLPH ,Q PDQ\ LQVWDQFHV WKLV PRWLRQ RI
WKH JURZLQJ VXUIDFH FDQ EH WUHDWHG DV D VORZ SURFHVV DV FRPSDUHG WR SDUWLFOH
GLmXVLRQ ,Q VXFK FDVHV DQ DSSUR[LPDWLRQ FDQ EH XVHG ZKHUHE\ WKH GLmXVLRQ
HTXDWLRQ LV VROYHG ZLWK WKH n[HG ERXQGDU\ DW [   7KH VROXWLRQ LV WKHQ
XVHG WR FDOFXODWH WKH oX[ RI PDWWHU WR WKH VXUIDFH RU DZD\ IURP LW LQ FDVHV RI
GHWDFKPHQWGLVVROXWLRQ 7KH VORZ PRWLRQ RI WKH VXUIDFH LWVHOI LV WKHQ
WUHDWHG VHSDUDWHO\ )XUWKHUPRUH SDUWLFOH PRWLRQ LQ D GLOXWH VROXWLRQ LV PXFK
EHWWHU DFFHVVLEOH WR H[SHULPHQWDO SUREHV DQG XQGHUVWRRG WKHRUHWLFDOO\ WKDQ
WKH G\QDPLFV RI D FRQFHQWUDWHG V\VWHP 7KHUHIRUH LW LV IUHTXHQWO\ FRQYHQLHQW
WR OXPS WKH HmHFWV RI WKH VXUIDFH DQG JURZLQJ UHVWUXFWXULQJ DJJUHJDWH LQ D
IHZSDUDPHWHU SKHQRPHQRORJLFDO ERXQGDU\ FRQGLWLRQ DW [  
$ W\SLFDO DSSURDFK WR VXFK SUREOHPV KDV EHHQ WR XVH ERXQGDU\ FRQ
GLWLRQV WKDW LPSRVH D OLQHDU UHODWLRQ EHWZHHQ WKH FRQFHQWUDWLRQ F DQG LWV
GHULYDWLYHV
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7KH WHUP RQ WKH OHIWKDQG VLGH LV DOZD\V WKHUH 7KH WKUHH WHUPV RQ WKH ULJKW
KDQG VLGH YDU\ LQ WKHLU LPSRUWDQFH GHSHQGLQJ RQ WKH SUREOHP DW KDQG ,Q
WKH QH[W VHFWLRQ ZH ZLOO VXUYH\ WKH YDULRXV IRUPV W\SLFDOO\ DVVXPHG DQG
GHVFULEH LQ GHWDLO WKH FKRLFH DSSURSULDWH IRU JURZWK DQG VHGLPHQWDWLRQ ,Q
WKH ODVW VHFWLRQ ZH FRQVLGHU DVSHFWV RI GLmXVLRQ LQ FRQFHQWUDWHG VXVSHQVLRQV
)LQDOO\ ZKHQ WKHUH LV QR SODQDU V\PPHWU\ WKH FRRUGLQDWHGHULYDWLYH WHUP
LQ  EHFRPHV m AQcaUF ZKHUH AQ LV WKH XQLW YHFWRU RUWKRJRQDO WR WKH VXUIDFH
SRLQWLQJ LQWR WKH GLVSHUVLRQ
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7KH UHODWLYH LPSRUWDQFH RI WKH WHUPV RQ WKH ULJKWKDQG VLGH RI (T 
GHSHQGV RQ WKH SUREOHP DW KDQG /HW XV FRQVLGHU WKH ZHOO NQRZQ H[DPSOH RI
PRQROD\HU VXUIDFH GHSRVLWLRQ DQG GHWDFKPHQW ,Q WKLV FDVH WKH ERXQGDU\
FRQGLWLRQ LV XVXDOO\ ZULWWHQ DV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7KH nUVW WHUP GHVFULEHV WKH GHSOHWLRQ RI WKH GLmXVLQJSDUWLFOH QXPEHU DW
[   RZLQJ WR WKHLU DGKHVLRQ WR WKH VXUIDFH 7KH VHFRQG WHUP FRUUHVSRQGV
WR SDUWLFOH GHWDFKPHQW :LWKLQ D /DQJPXLULDQ DSSURDFK ZH WDNH
  w tPD[ b t DQG N  t 
ZKHUH t LV WKH IUDFWLRQDO VXUIDFH FRYHUDJH DQG tPD[ LV WKH PD[LPXP FRYHU
DJH ZKLOH w DQG  DUH FRQVWDQWV $W HTXLOLEULXP ZKHQ WKH WLPHGHULYDWLYH
YDQLVKHV WKH DERYH HTXDWLRQV \LHOG WKH IDPRXV /DQJPXLULVRWKHUP UHOD
WLRQ EHWZHHQ WKH VXUIDFH FRYHUDJH DQG SDUWLFOH FRQFHQWUDWLRQ QHDU WKH VXU
IDFH DQG LQ WKH DEVHQFH RI SRWHQWLDOV LQ WKH EXON RI WKH VROXWLRQ F 
t tPD[ b t
7KH DERYH H[DPSOH LOOXVWUDWHV WKDW WKH FRHpFLHQWV m n o LQ (T 
FDQ EH WLPHGHSHQGHQW FRXSOHG G\QDPLFDO YDULDEOHV ,Q DQRWKHU FDVH WKDW
RI FKHPLFDO UHDFWLRQV WKH DSSURSULDWH UHODWLRQ GHVFULEHV SDUWLDO UHDF
WLRQ SUREDELOLW\ ,W KDV EHHQ HVWDEOLVKHG WKDW WKH ?UDGLDWLRQ ERXQGDU\
FRQGLWLRQ LV DSSOLFDEOH F LV SURSRUWLRQDO WR WKH QRUPDO GHULYDWLYH DW WKH UH
DFWLRQ UDGLXV ,Q RXU QRWDWLRQ WKLV ZRXOG FRUUHVSRQG WR RQO\ WKH FRHpFLHQW
m VXUYLYLQJ RQ WKH ULJKWKDQG VLGH RI (T  ZKLOH n o  
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,Q UHFHQW ZRUN RQ GLmXVLRQDO JURZWK RI VSKHULFDO FROORLG DJJUHJDWHV ZH
H[SORUHG WKH IRUP RI WKH ERXQGDU\ FRQGLWLRQ IRU WKH FDVH ZKHQ WKH VXUIDFH
LV QRW ULJLG EXW UDWKHU LV LWVHOI G\QDPLFDOO\ HYROYLQJ 7KLV VWXG\ ZDV H[
WHQGHG WR GURSOHWVKDSHG REMHFWV JURZLQJ RQ WZRGLPHQVLRQDO VXEVWUDWHV
+HUH ZH VXUYH\ WKLV DSSURDFK DQG RmHU D GLmHUHQW GHULYDWLRQ ZKLFK LV OHVV
FRPSOLFDWHG DW WKH H[SHQVH RI EHLQJ VRPHZKDW OHVV GHnQLWLYH EXW LV DOVR
PRUH JHQHUDOO\ DSSOLFDEOH :H DUJXH WKDW VLPLODU FRQVLGHUDWLRQV FDQ EH DS
SOLHG WR VHGLPHQWDWLRQ RI VXEPLFURQ RU ODUJHU VXVSHQGHG SDUWLFOHV SURYLGHG
WKH JURZWK RI WKH VHGLPHQWHG ?FDNH OD\HU FDQ EH UHJDUGHG DV VORZ LH WKH
JUDYLWDWLRQDO FHQWULIXJDO DFFHOHUDWLRQ LV QRW WRR ODUJH
&RQVLGHU DQ DJJUHJDWH RU FDNHOD\HU VORZO\ JURZLQJ RU GLVVROYLQJ E\
FDSWXUH RU UHOHDVH RI VLQJOHW XQLWV WRIURP VROXWLRQ 7KHVH ?EXLOGLQJ EORFN
VLQJOHWV FDQ EH VROXWH VSHFLHV RU ODUJHU VXVSHQGHG SDUWLFOHV GHSHQGLQJ RQ
WKH V\VWHP 7\SLFDOO\ LQ VXFK JURZWK WKHUH LV QR ZHOOGHnQHG VKDUS VXU
IDFH ,QVWHDG WKHUH LV D UHJLRQ IRU [   LQ ZKLFK WKH SDUWLFOH PRWLRQ
FKDQJHV IURP VLPSOH GLOXWHVXVSHQVLRQ GLmXVLRQ WR ZKDWHYHU UHVWUXFWXULQJ
DQG UHOD[DWLRQ G\QDPLFDO SURFHVVHV DUH JRLQJ RQ GHHS LQVLGH WKH JURZLQJ
VWUXFWXUH ,Q PDQ\ H[SHULPHQWDO VLWXDWLRQV WKHVH UHVWUXFWXULQJ SURFHVVHV
DUH TXLWH IDVW OHDGLQJ WR GHQVH UDWKHU WKDQ IUDFWDO VWUXFWXUHV +RZHYHU
WKHVH SURFHVVHV DUH FRPSOLFDWHG DQG FDQQRW EH PRGHOHG E\ H[WHQVLRQV RI
WKH GLmXVLRQ HTXDWLRQ 6WLOO ZH DVVXPH WKDW IRU VRPH GHSWK bC  [  
WKH GLOXWHOLPLW GLmXVLRQ (T  GRHV DSSO\ 6XFK DQ DSSUR[LPDWH GHVFULS
WLRQ GHWHULRUDWHV IDVW SDVW [  bC VHH )LJXUH  7KH HmHFWLYH SRWHQWLDO
HQHUJ\ VHHQ E\ WKH SDUWLFOHV LQ WKLV UHJLRQ UHoHFWV WKH RQVHW RI WKHP EHLQJ
ERXQG ZLWKLQ WKH JURZLQJ VWUXFWXUH DQG WKH FRUUHVSRQGLQJ LQFUHDVH LQ WKH
SDUWLFOH FRQFHQWUDWLRQ 7KXV DV VKRZQ LQ )LJXUH  ZH DVVXPH WKDW 9 [
GURSV WR D ODUJH QHJDWLYH YDOXH b: DW [  bC ZKLOH WKH SDUWLFOH FRQFHQWUD
WLRQ UHDFKHV D ODUJH YDOXH DV FRPSDUHG WR WKH FRQFHQWUDWLRQ LQ WKH GLOXWH
VXVSHQVLRQ RXWVLGH DW [ !  GHQRWHG F: 
7KHUH LV HYLGHQFH LQ WKH OLWHUDWXUH WKDW WKH GLOXWH GLmXVLRQ GHVFULSWLRQ
DSSOLHV XS WR YROXPH nOOLQJ IUDFWLRQV : 
  IRU FROORLG VXEPLFURQ VL]H
DQG ODUJHU SDUWLFOHV ZKLFK FDQ EH DSSUR[LPDWHO\ WUHDWHG DV KDUG VSKHUHV
:H DVVXPH WKDW F: DQG WKH SRWHQWLDO HQHUJ\ YDOXH 8bC  bN7: DUH
SURSHUWLHV RI WKH VWUXFWXUH RI WKH RXWHU OD\HU RI WKH JURZLQJ FDNH DQG DUH QRW
GHSHQGHQW RQ WKH LQLWLDO FRQFHQWUDWLRQ RU RQ WLPH WKH ODWWHU DIWHU D VKRUW
WUDQVLHQW WLPH LQWHUYDO )XUWKHUPRUH ZH DVVXPH WKDW WKH FRQFHQWUDWLRQ
ZLWKLQ bC  [   LV LQ WKHUPRG\QDPLF HTXLOLEULXP 7KHVH DVVXPSWLRQV
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VXJJHVW WKDW WKH YDOXHV RI WKH FRQFHQWUDWLRQ DW [   DQG [  bC DUH UHODWHG
DV IROORZV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7KH DERYH DUJXPHQWV VXJJHVW WKDW WKH ERXQGDU\ FRQGLWLRQ LQ WKLV FDVH
FRUUHVSRQGV WR m o   LQ (T  DQG WR n[HG n  F: H
b:  LH WR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$ VRPHZKDW PRUH GHWDLOHG VWXG\ QRW SUHVHQWHG KHUH VKRZV WKDW ZKLOH n
LV D SURGXFW RI RQH ODUJH SDUDPHWHU F:  DQG RQH VPDOO SDUDPHWHU H
b: 
WKH FRHpFLHQW m LV D SURGXFW RI WZR VPDOO SDUDPHWHUV C DQG Hb:  DQG
WKDW WKH RPLVVLRQ RI WKH WLPHGHULYDWLYH WHUP  o FKDQJHV RQO\ WKH LQLWLDO
WUDQVLHQW EHKDYLRU RI WKH FRQFHQWUDWLRQ QHDU [   7KH UHVXOWLQJ ERXQGDU\
FRQGLWLRQ F  n LV WKXV VXUSULVLQJO\ VLPSOH DQG LQYROYHV RQO\ D VLQJOH
SKHQRPHQRORJLFDO SDUDPHWHU WKH YDOXH RI WKH FRQFHQWUDWLRQ DW WKH JURZLQJ
RU GLVVROYLQJ DJJUHJDWH RU FDNH VXUIDFH )RU D FRPSOHWHO\ LUUHYHUVLEOH FDSWXUH
RI SDUWLFOHV E\ WKH JURZLQJ DJJUHJDWH WKH HmHFWLYH HQHUJ\ EDUULHU : LV
YHU\ ODUJH DQG n   UHFRYHULQJ WKH FHOHEUDWHG ERXQGDU\ FRQGLWLRQ RI
6PROXFKRZVNL
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2QH PLJKW DVN KRZ IDU FDQ WKH SUHVHQW DSSURDFK EH WDNHQ LQWR WKH
UHJLRQ RI WKH FRQFHQWUDWHG SDUWLFOH V\VWHP [   DQG ZKHWKHU FRUUHFWLRQV
DUH QHHGHG GXH WR QRQ]HUR FRQFHQWUDWLRQ IRU bC  [   ,Q RUGHU WR
DGGUHVV WKLV PDWWHU OHW XV VXUYH\ FHUWDLQ DVSHFWV RI GLmXVLRQ LQ FRQFHQWUDWHG
GLVSHUVLRQVb 6RPH UHODWLRQV RI WKH RUGLQDU\ GLmXVLRQ WKHRU\ UHPDLQ
XQFKDQJHG ZKHQ WKH SDUWLFOH V\VWHP LV QR ORQJHU GLOXWH )RU LQVWDQFH LI aY
UHSUHVHQWV WKH DYHUDJH SDUWLFOH YHORFLW\ WKHQ WKH SDUWLFOH QXPEHU oX[ a- LV
a-  FaY 
XVLQJ WKUHHGLPHQVLRQDO YHFWRU QRWDWLRQ +RZHYHU WKH FRQWULEXWLRQ a-) WR
oX[ FDXVHG E\ D IRUFH nHOG a)  FDQ RQO\ EH DSSUR[LPDWHO\ DVVXPHG SURSRU
WLRQDO WR WKDW IRUFH
a-)  bF a) IF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6WULFWO\ VSHDNLQJ WKLV UHODWLRQ LV RQO\ H[DFW LQ WKH GLOXWH OLPLW F  ZKHQ
WKH IULFWLRQ FRQVWDQW KDV WKH YDOXH I )RU GHQVHU V\VWHPV WKH UHODWLRQ QHHG
QR ORQJHU EH ORFDO DQG WKH IULFWLRQ FRQVWDQW IF ZKLFK LV WKH LQYHUVH RI
WKH PRELOLW\ LV GHnQHG RQO\ DSSUR[LPDWHO\
)RU GHQVHU V\VWHPV VRPH UHODWLRQV EHFRPH JHQHUDOO\ QRQORFDO DQG LQ
FOXGH PHPRU\ LQ WKDW WKH\ LQYROYH FRQFHQWUDWLRQ DQG SRVVLEO\ RWKHU SURS
HUWLHV DW QHDUE\ SRLQWV DQG DW HDUOLHU WLPHV 3HUKDSV WKH PRVW IDPLOLDU
VXFK UHODWLRQ KDV EHHQ EHWZHHQ WKH FRQFHQWUDWLRQ JUDGLHQW RI WKH VXVSHQGHG
SDUWLFOHV DQG WKHLU QXPEHU oX[ 7KH GLOXWHOLPLWOLNH UHODWLRQ
a-  b’FaUF IRU 9 a5    
RQO\ EHFRPHV H[DFW DV F   DQG ’F  ’ $ PRUH JHQHUDO QRQORFDO
UHODWLRQ ZLWK PHPRU\ LV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ZKHUH WKH NHUQHO ’ a| ~ FRXOG EH D WHQVRU LQ D PRUH JHQHUDO FDVH 6LQFH
UHODWLRQ  FDQ EH ?GHFRQYROXWHG WR EHFRPH D SURGXFW LQ WKH )RXULHU
WUDQVIRUPHG UHSUHVHQWDWLRQ LW FDQ EH GLUHFWO\ SUREHG E\ OLJKW VFDWWHULQJ
PHDVXUHPHQWV LQ VRPH V\VWHPV
7KH IROORZLQJ WZR UHODWLRQV UHPDLQ YDOLG IRU DQ\ FRQFHQWUDWLRQ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a)DSSO  bN7 aU9 a5  
+HUH a)DSSO LV WKH DSSOLHG IRUFH SHU SDUWLFOH +RZHYHU WKH H[SUHVVLRQ IRU WKH
HmHFWLYH WKHUPRG\QDPLF GULYLQJ IRUFH SHU SDUWLFOH a)JUDG UHVXOWLQJ IURP WKH
SDUWLFOH FRQFHQWUDWLRQ JUDGLHQW DJDLQ FDQ EH RQO\ ZULWWHQ DV DQ DSSUR[LPDWH
JHQHUDOL]DWLRQ RI WKH GLOXWHOLPLW H[SUHVVLRQ $VVXPLQJ WKDW ZH FDQ GHnQH
WKH RVPRWLF SUHVVXUH gF IRU WKH SDUWLFOHV LQ WKH VXVSHQVLRQ DQG WKDW ORFDO
HTXLOLEULXP DSSOLHV VR WKDW gF LV D WKHUPRG\QDPLF IXQFWLRQ RI F DQG RI
WKH WHPSHUDWXUH 7  ZKLFK LV DVVXPHG FRQVWDQW WKURXJKRXW WKLV ZRUN ZH
KDYH WKH UHODWLRQ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0RUH JHQHUDO IRUPDO UHODWLRQV FDQ EH ZULWWHQ ZLWK WKLV IRUFH SURSRUWLRQDO
WR WKH JUDGLHQW RI WKH FKHPLFDO SRWHQWLDO DFFRXQWLQJ IRU ERWK GLUHFW DQG
K\GURG\QDPLF SDUWLFOHSDUWLFOH LQWHUDFWLRQV DV ZHOO DV DSSOLHG IRUFHV VXFK
DV JUDYLW\
+RZ IDU LQWR WKH UHJLRQ [   VHH )LJXUH  FDQ WKH DSSUR[LPDWH
(TV    EH XVHG" )RU KDUGVSKHUHOLNH SDUWLFOH VXVSHQVLRQV WKH
OLWHUDWXUH VHHPV WR VXJJHVW WKDW WKHVH UHODWLRQV ZLOO EUHDN GRZQ IRU YROXPH
IUDFWLRQV  VHH (T  VRPHZKHUH EHWZHHQ  DQG  7KHUH DUH WZR
FRPPRQ DSSOLFDWLRQV RI VXFK UHODWLRQV )LUVWO\ WKH VHGLPHQWDWLRQYHORFLW\
UDWLR .F FDQ EH GHnQHG
.F s I IF 
DQG WKH GUDJIRUFH UHODWLRQ a)  bIaY .F SUREHG GLUHFWO\ WR FRPSDUH
.F YDOXHV WR WKHRUHWLFDO VPDOOF H[SDQVLRQ DSSUR[LPDWLRQV
6HFRQGO\ DOO WKH DERYH UHODWLRQV FDQ EH FRPELQHG WR \LHOG D YDULDQW RI
WKH GLmXVLRQ HTXDWLRQ ZLWK WKH H[SUHVVLRQ IRU WKH oX[ REWDLQHG E\ DGGLQJ
WKH H[WHUQDOIRUFH DQG JUDGLHQW oX[HV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DQG WKH JHQHUDOL]HG (LQVWHLQ UHODWLRQ IRU WKH JUDGLHQWGLmXVLRQ FRHpFLHQW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7KH ODWWHU UHODWLRQ UHGXFHV WR WKH IDPLOLDU ’  N7 I LQ WKH OLPLW F  
ZKHUH ZH XVHG WKH LGHDO HTXDWLRQ RI VWDWH g  N7F 7KH DERYH UHODWLRQV
FDQ EH XVHG DV JRRG DSSUR[LPDWLRQV IRU F !  EXW ZLWK YROXPH IUDFWLRQV
EHORZ WKH YDOXHV DW ZKLFK VROLGIRUPDWLRQ RU JODVV\ G\QDPLFDO HmHFWV VHW LQ
7KH GLmXVLRQ (T  UHTXLUHV D YLULDO H[SDQVLRQ IRU WKH RVPRWLF SUHVVXUH
gF WR GHULYH DSSUR[LPDWLRQV YDOLG IRU VPDOO SRVLWLYH F
:H DVVXPHG WKDW WKH G\QDPLFV RI WKH DJJUHJDWLQJ V\VWHP LV VORZ VR
WKDW WKH VXUIDFH UHJLRQ RI WKH DJJUHJDWH LV LQ HTXLOLEULXP ,Q RUGHU WR GHULYH
WKH ERXQGDU\ FRQGLWLRQ DW WKH VXUIDFH ZH XVHG WKH HTXLOLEULXP H[SUHVVLRQ
F  Hb9 [ IRU VPDOO QHJDWLYH [ :H IXUWKHU DVVXPHG WKDW ERWK WKH HmHF
WLYH SRWHQWLDO 8 [  N79 [ IHOW E\ D SDUWLFOH DQG WKH FRQFHQWUDWLRQ QHDU
^  ^
[  bC GR QRW GHSHQG RQ WKH FRQFHQWUDWLRQ SURnOH RXWVLGH DW [ !  EXW
UDWKHU DUH GHWHUPLQHG E\ WKH VWUXFWXUH RI WKH VXUIDFH RI WKH DJJUHJDWH /HW
XV SRLQW RXU WKDW SDUWLFOHSDUWLFOH VLQJOHWVLQJOHW LQWHUDFWLRQ HmHFWV DUH DF
FRXQWHG IRU LQ WZR GLmHUHQW ZD\V LQ SKHQRPHQRORJLFDO UHODWLRQV OLNH (T 
)LUVWO\ VKRUWUDQJH LQWHUDFWLRQV DUH LQFOXGHG LQ WKHUPRG\QDPLF SURSHUWLHV
VXFK DV gF RU G\QDPLFDO SURSHUWLHV IRU VORZ QHDUO\VWHDG\VWDWH G\QDP
LFV VXFK DV .F 6HFRQGO\ ORQJHUUDQJH LQWHUDFWLRQV FRQWULEXWH WR WKH
HmHFWLYH SRWHQWLDO 8 a5  ZKLFK DOVR LQFOXGHV WKH H[WHUQDO IRUFHV $YRLGLQJ
GRXEOHFRXQWLQJ LV WKHUHIRUH D FKDOOHQJH LQ VHWWLQJ XS DSSUR[LPDWLRQV RI WKLV
VRUWb
:H QRWH WKDW IRU WKH PRGLnHG GLmXVLRQOLNH GHVFULSWLRQ JLYHQ E\ WKH
HTXDWLRQV VXPPDUL]HG HDUOLHU LQ WKLV VHFWLRQ WKH HTXLOLEULXP DVVXPSWLRQ RI
VORZ G\QDPLFV IRU [   FDQ EH H[SUHVVHG E\ WKH DSSUR[LPDWH oX[ EDODQFH
HTXLYDOHQW WR WKH IRUFH EDODQFH a)JUDG  a)DSSO ZKLFK \LHOGV WKH DSSUR[LPDWH
HTXDWLRQ IRU WKH WLPHLQGHSHQGHQW FRQFHQWUDWLRQ DVVXPLQJ WKH SODQDU
V\PPHWU\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,Q WKH GLOXWH OLPLW ZLWK g  N7 F WKLV UHODWLRQ REYLRXVO\ LQWHJUDWHV WR
F  Hb9 [ 2WKHUZLVH QXPHULFDO LQWHJUDWLRQ ZLOO EH QHHGHG ZLWK D YLULDO
H[SDQVLRQ IRU gF XVHG IRU REWDLQLQJ DSSUR[LPDWLRQV IRU VPDOO EXW QRQ]HUR
F 7KH ODWWHU GHSHQG VWURQJO\ RQ WKH GHWDLOV RI WKH SDUWLFOHSDUWLFOH LQWHUDF
WLRQV
+RZHYHU QR PDWWHU WKH VSHFLnFV WKH PRGLnFDWLRQ UHSUHVHQWHG E\ (T
 GRHV QRW DFWXDOO\ FKDQJH RXU EDVLF FRQFOXVLRQ ,QGHHG LW LV REYLRXV
IURP LWV IRUP WKDW (T  FDQ EH LQWHJUDWHG IURP VRPH UHIHUHQFH QHJDWLYH
[ YDOXH bC WR [   DQG ZKLOH WKH H[SUHVVLRQ IRU n LQ (TV  PD\
FKDQJH WKH IRUP RI WKH ERXQGDU\ FRQGLWLRQ ZLOO QRW LW ZLOO VWLOO EH ZLWK
RXW WKH GHULYDWLYH WHUPV HQWHULQJ 7KXV WKH SKHQRPHQRORJLFDO ERXQGDU\
FRQGLWLRQ DW WKH DJJUHJDWH VXUIDFH UHPDLQV F  n
7KH DXWKRUV JUDWHIXOO\ DFNQRZOHGJH KHOSIXO GLVFXVVLRQV ZLWK ’UV + /
)ULVFK ’ 0R]\UVN\ DQG < 6KQLGPDQ
^  ^
5()(5(1&(6
 0 Y 6PROXFKRZVNL 9HUVXFK HLQHU PDWKHPDWLVFKHQ 7KHRULH GHU .RDJ
XODWLRQVNLQHWLN NROORLGHU /RVXQJHQ = 3K\V &KHP  
 )& &ROOLQV DQG *( .LPEDOO ’LmXVLRQFRQWUROOHG UHDFWLRQ UDWHV -
&ROO 6FL  
 50 1R\HV (mHFWV RI GLmXVLRQ UDWHV RQ FKHPLFDO NLQHWLFV 3URJ 5HDFW
.LQ  
 6/ =LPPHU DQG %( ’DKQHNH 5HVXVSHQVLRQ RI SDUWLFOHV 7KH UDQJH
RI YDOLGLW\ RI WKH TXDVLVWDWLRQDU\ WKHRULHV - &ROO ,QW 6FL 

 1 $JPRQ ’LmXVLRQ ZLWK EDFN UHDFWLRQ - &KHP 3K\V  
 *+ :HLVV 2YHUYLHZ RI WKHRUHWLFDO PRGHOV RI UHDFWLRQ UDWHV - 6WDW
3K\V   DQG UHIHUHQFHV WKHUHLQ
 1 .DOOD\ ( %DURXFK DQG ( 0DWLMHYLuF ’LmXVLRQDO GHWDFKPHQW RI
FROORLGDO SDUWLFOHV IURP VROLGVROXWLRQ LQWHUIDFHV $GY &ROO ,QW 6FL
 
 9 3ULYPDQ +/ )ULVFK 1 5\GH DQG ( 0DWLMHYLuF 3DUWLFOH DGKHVLRQ LQ
PRGHO V\VWHPV 3DUW  ^ 7KHRU\ RI PXOWLOD\HU GHSRVLWLRQ - &KHP
6RF )DUDGD\ 7UDQV   DQG UHIHUHQFHV WKHUHLQ
 9 3ULYPDQ ’9 *RLD - 3DUN DQG ( 0DWLMHYLuF 0HFKDQLVP RI IRUPD
WLRQ RI PRQRGLVSHUVHG FROORLGV E\ DJJUHJDWLRQ RI QDQRVL]H SUHFXUVRUV
- &ROO ,QW 6FL   DQG UHIHUHQFHV WKHUHLQ
 ’ 0R]\UVN\ DQG 9 3ULYPDQ ’LmXVLRQDO JURZWK RI FROORLGV - &KHP
3K\V  
 = 7DYDVVROL DQG *- 5RGJHUV ’LmXVLYH JURZWK RI D VLQJOH GURSOHW ZLWK
WKUHH GLmHUHQW ERXQGDU\ FRQGLWLRQV (XU 3K\V - % 
 6 %KDWWDFKDUMHH $6 .LP DQG 0 (OLPHOHFK &RQFHQWUDWLRQ SRODUL]D
WLRQ RI LQWHUDFWLQJ VROXWH SDUWLFOHV LQ FURVVoRZ PHPEUDQH nOWUDWLRQ
- &ROO ,QW 6FL   DQG UHIHUHQFHV WKHUHLQ
 -.* ’KRQW $Q ,QWURGXFWLRQ WR ’\QDPLFV RI &ROORLGV (OVHYLHU $P
VWHUGDP 
 7*0 YDQ GH 9HQ &ROORLGDO +\GURG\QDPLFV $FDGHPLF /RQGRQ 
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